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Anisotropy and Anharmonicity of Atomic Fluctuations in Proteins: Implications
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ABSTRACT: The effects of anisotropy and anharmonicity of the atomic fluctuations on the results of
crystallographic refinement of proteins are examined. Atomic distribution functions from a molecular
dynamics simulation for lysozyme are introduced into a real-space (electron density) refinement procedure
for individual atoms. Several models for the atomic probability distributions are examined. When isotropic,
harmonic motion is assumed, the largest discrepancies between the true first moments (means) and second
moments (B factors) of the positions calculated from the dynamics and the fitted values occur for probability
densities with multiple peaks. The refined mean is at the center of the largest peak, and the refined B factor
is slightly larger than that of the largest peak, unless the distance between the peaks is small compared to
the peak width. The resulting values are often significantly different from the true first and second moments
of the distribution. To improve the results, alternate conformations, rather than anharmonic corrections,

should be included.

A knowledge of the functional form of the probability
density functions (pdfs) of the fluctuations of the atomic
position is essential for determining the structures of protein
crystals by X-ray diffraction (Willis & Pryor, 1975).
Moreover, the nature of the fluctuations is of considerable
interest because of their possible role in protein function
(Karplus & McCammon, 1981, 1983). Also, it has been
suggested recently that the antigenicity and atomic mobility
of proteins may be related (Westhof et al., 1984; Tainer et
al., 1984), although alternative explanations of the observed
correlations have been given (Novotny et al., 1986).

For the refinement of protein crystal diffraction data
(Hendrickson, 1985), it is assumed in most cases that the
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atomic displacements are harmonic and isotropic, i.c., that the
atomic fluctuations obey a three-dimensional isotropic
Gaussian distribution. Anisotropic and anharmonic effects
have been introduced in the refinement of small molecules
(Willis & Pryor, 1975), such as Li;N, which usually have
temperature factors corresponding to root-mean-square (rms)
displacements, {(u,2)!/2, of less than 0.3 A at 294 K (Zucker
& Schultz, 1982). The motion of an atom in these molecules
is generally restricted to a single minimum in the local po-
tential, and anisotropic effects can be included by the use of
an anisotropic three-dimensional Gaussian pdf. There are
several possible models for anharmonic distributions, which
have been compared by Zucker and Schulz (1982). They
considered the performance and implementation of an ex-
pansion of the potential in a power series; Edgeworth and
Gram—Charlier expansions, which are expansions of a har-
monic distribution in terms of Hermite polynomials; and the
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Table I: Model Probability Density Functions?

isotropic Gaussian
anisotropic Gaussian
Gram-Charlier

Edgeworth

po(wp,V) = ¢73(2m)™3/2 exp(-'/,u?/c?)

pe(wu,V) = [V|"2(2r)™/? exp(-!/uTV"'u)

Poc(wp,V.ayay) = po(uu,VI[1 + 13 kuHp(w) + 1 3 kimH jm(w)]
3 7

pe(wp,V,as,aq) = po(uu, VI[1 + 13w Hp(w) + 13 kmH jgm(W) + 103 650K mno jimno(W)]
T 3]

3!

double isotropic peaks’
double anisotropic peaks®

Pu(pus,00) = oo (2m) 32 [w_ cxpk—l/zlu - u_|2/002i + w, exp(-'/,|u —'u+|2/002)]
P(wus, Vo) = VoI /2(2m) 32 w_ exp[-!/2(u — w) Vi (u ~ w)] + wy exp[2!/,(u - uw,)TVg (u - u,)]]

2 =

2The transpose of a matrix is denoted by a superscript T. ®In the principal axis system, ¢,° = 0%, + usu., a3 = upu(uy — u)/c’, and a4 =

=2uu /et + ayte usu..

« formalism or quasi-orthogonal expansion (Johnson 1980;
Cava et al., 1980), in which a parameter « is introduced to
reduce the correlations between odd-rank and between even-
rank moments. Good results were obtained by using the
Gram—Charlier expansion up to sixth-rank tensors so that the
pert:irbation approach embodied in these expansions appears
to be satisfactory. However, even in small peptides and some
other organic molecules, exceptional structures show multiple
sites that cannot be treated by such perturbation methods.

Proteins are considerably more flexible than small molecules.
Temperature factors based on the assumption of isotropic
harmonic motion yield values of (u,2)!/2 as large as about 1.1
A for myoglobin (Frauenfelder et al., 1979) and about 2 A
for lysozyme (Artymiuk et al., 1979) at 300 K; the estimated
lattice disorder contribution in the case of myoglobin is 0.37
A. Simulation results are similar; e.g., the average side chain
value of (1,2)!/2 has a maximum value of 1.6 A for cytochrome
¢ (Northrup et al., 1981), about 2.5 A for lysozyme (Ichiye
et al., 1986), and about 1.2 A for bovine pancreatic trypsin
inhibitor (van Gunsteren & Karplus, 1982a,b; Levitt, 1983a,b).
Thus, multiple sites are likely to be present which may not be
adequately described as perturbations to Gaussian distribu-
tions.

Some studies have been done to determine the deviations
of the atomic fluctuations in proteins from the isotropic
harmonic limit. The anisotropy has been analyzed in a number
of theoretical studies (Karplus & McCammon, 1979; Northrup
et al., 1981; van Gunsteren & Karplus, 1982a,b; Ichiye &
Karplus, 1987) and in a few X-ray studies (Artymiuk et al.,
1979; Konnert & Hendrickson, 1980; Haneef et al., 1985).
Theoretical studies have shown that the distributions tend to
be highly anisotropic, particularly for side chain atoms.
Further, it has been demonstrated that the orientation of the
anisotropy tensors found in molecular dynamics simulations
does not have a simple relation to the static X-ray structure
(Yu et al., 1985).

The anharmonicity has been analyzed by examining the
temperature dependence of atomic fluctuations in crystallo-
graphic analyses of myoglobin (Frauenfelder et al., 1979;
Hartmann et al., 1982) and in a theoretical study of a-helix
(Levy et al., 1982). Another approach has been to study the
third and fourth moments of the atomic distributions in mo-
lecular dynamics simulations of proteins (Mao et al., 1982;
van Gunsteren & Karplus, 1982a,b). In a detailed analysis
of the anharmonicity of local atomic pdfs in a lysozyme sim-
ulation (Ichiye & Karplus, 1987), it has been shown that 59%
of the backbone and 41% of the side chain atoms are close to
harmonic in all three principal axis directions; an additional
9% of the backbone and 15% of the side chain atoms are close
to harmonic in the largest principal axis direction although
not in both of the two smaller principal axis directions. Of
the remaining atoms, 31% of the backbone and 41% of the side
chain atoms can be described as multiple harmonic peaks.
Thus, very few atoms with significant anharmonicity are de-

scribed well as single anharmonic peaks. Although simulations
are known to yield only approximate results for systems as
large as proteins, it is likely that the general character of the
distributions is correct. Furthermore, in a study of myoglobin
between 220 and 300 K, Frauenfelder et al. (1979) noted
possible alternate side chain conformations, especially at 220
K, and in some cases, the mean position of atoms appeared
to shift with temperature. More recently, a number of theo-
retical and experimental analyses of alternate conformations
of side chains have been reported (Summers et al., 1987;
Kuriyan et al., 1986b; Hendrickson et al., 1986).

It has been shown in a recent isotropic harmonic refinement
of simulated X-ray data for myoglobin at 1.5-A resolution that
the positional errors are in the range 0.10-0.20 A for backbone
atoms and 0.28-0.33 A for side chain atoms and that, par-
ticularly for side chains, the mean-square fluctuations are
consistently underestimated (Kuriyan et al., 1986a). However,
in that paper no analysis was made of the relative importance
of anisotropic and harmonic effects nor were suggestions made
as to how to improve the refinement procedure. The present
paper concerns itself with these questions. The errors in re-
finements that use an isotropic harmonic model are analyzed
by fitting dynamics data. We also derive expressions for the
error in fit value of the mean and the second moment from
isotropic, harmonic refinement of model distributions, as a
function of their third and fourth moments. To determine
which correction gives the most improvement over the isotropic
Gaussian model, higher order models (i.e., anisotropic,
Gram—Charlier, and double peak) for refinement are compared
by fitting the pdfs obtained from the simulation. We first
outline the methology and then present the results. The dis-
cussion evaluates the results and considers the advantages of
a simulation approach over experimental crystallographic
analyses that are possible with the available data.

METHODS

This section outlines the methods used in the present
analysis.

Model Probability Density Functions. The different model
pdfs used in the analysis of refinement procedures are shown
in Table I. The pdfs are expressed in a general local coor-
dinate system in terms of the atomic fluctuations u = r - (r),
where (r) is the time-averaged mean position. The dynamics
results are given in the local principal axis system for a given
atom; its fluctuations in this system are designated as u =
(uy,uy,u,) with u, along the direction of the largest mean-
square displacement and u, along the direction of the smallest.
In this coordinate system the covariances (uu;), i > j, are
equal to zero. Details concerning the choice of these pdfs and
their analysis are given in Ichiye (1985) and Ichiye and
Karplus (1987).

The argument of each pdf includes all of the parameters
needed to determine the distribution; therefore, the mean
position u = (r), is listed even though the pdfs do not depend
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explicitly on it. The parameters include V, the covariance
matrix with elements o;; = (4;u;) and determinant |V, and
the matrices a; and «, with elements «;,/(o;0,0,) and
Kjkim/ (0,0%010,,), Tespectively, where o = g, and ky =
(upuu;) and Kjppm = (UMUUy,) — 0301y = OkiOm; = Tpi 0y ATC
third and fourth cumulants (Kendall & Stuart, 1977). The
diagonal elements of a; and «, are the coefficients of skewness
and kurtosis, respectively. The Hermite polynomials for the
Gram—Charlier and Edgeworth expansions can be defined by
Hy, (wpg(u) = (-1)/(3/3u;)(3/0uy)...pg(w) (Johnson & Levy,
1974). For the double-peak pdf, uy = (44 ,,Us 5t ;) are the
coordinates of the maxima relative to u and w, are the relative
probabilities of being in each well (w;. + w_ = 1). The two
peaks are assumed to have the same half-width, V,, to reduce
the number of parameters; this is equivalent to assuming that
the force constants are the same for the two potential wells.
In the principal axis system, u; = (£u,,0,0) and w.u_ = w u,.
When one of the peaks goes to zero (either wy — 0 or w_ —
0) or when the separation between the peaks approaches zero
(u, + u_. — 0), the pdf approaches a Gaussian.

Simulation Method. For the purpose of analyzing the
characteristics of the atomic motions, we have used the
probability densities and their moments obtained from a
molecular dynamics trajectory for the protein hen egg white
lysozyme; the details of the simulation are presented elsewhere
(Ichiye et al., 1986). Starting with a refined X-ray structure
(D. E. P. Grace and D. C. Phillips, unpublished results) based
on the 2.0-A resolution crystal data of the tetragonal form
(Blake et al., 1965) and an equilibration period of 26 ps, the
simulation was continued for an additional 34 ps of which the
first 30 ps were used for analysis. The time step was 0.001
ps, and the mean temperature was equal to 304 K. The
moments and the probability densities were obtained from the
coordinates at intervals of 0.05 and 0.01 ps, respectively. The
probability densities were determined by calculating nor-
malized histograms of the coordinates with an interval size
of 0.1 A,

Refinement Procedure. Refinement of a protein structure
with current procedures (Watenpaugh et al., 1979; Diamond,
1971, 1974; Konnert, 1976; Konnert & Hendrickson, 1980;
Dodson et al., 1976; Jack & Levitt, 1978) involves a simul-
taneous fit of the electron densities of all the atoms to a model
for the electron densities that may include constraints and/or
restraints on the molecular geometry. For the most common
model in which the electron density due to a given atom is
assumed to correspond to a harmonic and isotropic distribution,
the parameters that are varied in the fit are the coordinates
of every atom and the isotropic temperature factor B, which
may be constrained to the same value for groups of atoms or
even the entire molecule, depending on the resolution of the
data. In the harmonic and isotropic model, the temperature
factor is related to the fluctuations by

8% (u,?)

B = 81l'z<u,'2) = 3

(1)
where 42 = > u? and it is assumed that (x?) = (1,2) = (4,2)
= <u22) = 1/3(14,2).

The “R-factor” least-squares refinement procedure mini-
mizes the function (Cruickshank, 1974)

R = Zwy(hkD[|Fo(hkD)| - |Fe(hkD|]? (2)

where F, and F, are the observed and calculated structure
factors, respectively, w is the weight associated with each term,
and A, k, and / correspond to the reciprocal lattice points of
the crystal. For proteins, the weights generally used are equal
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or vary linearly with (A2 + k% + /%)1/2 50 that low-resolution
structure factors are weighted more heavily than the high-
resolution data. (Note that the R value given in many ref-
erences is often not the same quantity as in eq 2, even if the
refined quantity is that in eq 2.)

The refinement procedure used here minimizes the quantity

R’ = [p(wus, Ve,a3p,040)—po(u)] 2du (3)

where p, and p, are the observed and calculated pdfs and the
subscript f refers to values obtained by the fitting procedure.
This is the quantity minimized in Diamond real-space re-
finement (Diamond, 1971), which he has shown to be equiv-
alent to

R = L5,k - F(hk)P “

where v is the unit cell volume. Thus, real-space refinement
is equivalent to a reciprocal-space refinement in which phase
information is included and all of the data are weighted
equally. Equations 2 and 4 are expected to behave similarly
especially if the calculated phases are close to the real values.
Thus, the general features of the results obtained here are likely
to be applicable to reciprocal-space refinement; this has been
demonstrated recently in an analysis of myoglobin (Kuriyan
et al., 1986a). In what follows, we analyze each atomic pdf
separately; i.e., each atom is treated as an isolated system to
simplify the calculation. The parameters y;and ¢ are allowed
to vary simultaneously.

RESULTS

We begin the analysis of the X-ray refinement method by
first testing the isotropic Gaussian assumption. We fit model
pdfs in section a and dynamics pdfs in section b. In section
¢ we give a method for estimating the fit values of the mean
position and second moment found by refinement, which often
differ considerably from the time-average moments of the
trajectory. We test higher order models for refinement using
pdfs from dynamics in section d.

(a) Three-Dimensional Isotropic Gaussian Refinement of
Model Probability Density Functions. Here we examine
three-dimensional, isotropic Gaussian refinement of various
model pdfs which are anisotropic and/or anharmonic. Since
the “observed” data correspond to a model pdf, we can examine
the effects of anisotropy and anharmonicity separately. This
contrasts with the dynamics pdfs that have a combination of
anisotropic and anharmonic effects as well as errors due to
sampling. The refinement minimizes R’ in eq 3 where p, is
an isotropic Gaussian, pg(u;us,0;), and p, is one of the model
pdfs given under Methods. The fitting parameters u; and o
are thus the results of the refinement procedure, as opposed
to the true mean p = (0,0,0) and second moment ¢, where o?
= (0,2 + 0,2 + 0,%)/3. For simplicity, the observed (model)
pdfs are in a local principa! axis system. By taking derivatives
of R’ with respect to u; and gy, expressions for these two
parameters as a function of u, V, a3, and a, may be obtained
for each model (see Appendixes A and B). We evaluate these
expressions over the range of values of the anisotropy and
anharmonicity («; and «,) found in the lysozyme simulation
(Ichiye & Karplus, 1987).

Anisotropy. The first case we consider is isotropic, Gaussian
refinement of an anisotropic Gaussian pdf. The “observed”
pdf is thus p,(u) = pg(u;0,V), where V has elements V}; = o/,
o, # o, and/or g, ¥ g,, and V;; = 0 in the principal axis
system. The values of u¢and o; are found by simultaneously
solving eq A6 and A8 in Appendix A with o3 = oy = 0. Under
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FIGURE 1: Least-squares fit of anisotropic model distribution, where
the solid line is o versus o, and the dashed line is o versus a,. From
top to bottom, ¢, = o,, 0, = (0, + 0,}/2, and 0, = a,.
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FIGURE 2: Least-squares fit of Gram—Charlier distribution by a
Gaussian distribution when o = (2,1,1). (a) Deviation of u¢ from the
true value versus |as); from top to bottom, ay = 7 to -2 (dashed line,
a4 = 0). (b) Values of o; versus ay; from top to bottom, a; = 0 to
3 (dashed line, a; = 0).

these conditions, the correct mean position is obtained by the
refinement; i.e., u; = (0,0,0), but there are errors in ¢;. In
Figure 1 we plot o; versus ¢, when ¢, = 1 and ¢, is chosen
in three different ways (o, = 0, 0, = (0, + ¢,)/2, or 0, =
d,). We also plot the correct rms fluctuation ¢ for the same
values of g, and ¢,. The fit values, oy, are approximately equal
to ¢ for small anisotropies (1 < o,/0, < 1.5) but are too small
by 0.4-0.60, at o,/c, = 4.

Anharmonicity, Unimodal. To consider the isotropic,
Gaussian refinement of an anharmonic unimodal pdf, the
“observed” pdf is given by the Gram—Charlier expansion

ICHIYE AND KARPLUS
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FIGURE 3: Least-squares fit of double-peak distribution (a) u; or (b)
o versus peak separation uq in units of the width of each peak, oy
(solid line), and the actual value of ¢ (dashed line). The approximate
value of o; at large separations from eq B9 (dotted line) and the actual
value of o, (dotted—dashed line) are also shown.

(Table I) in the x direction and Gaussian pdfs in the y and
z directions; i.e., p,(u) = pgc(w;0,V,a;,a4), where V may be
anisotropic and a; and a4 are the anharmonicities in the x
direction. This distribution is fit by an isotropic Gaussian by
use of the method given in Appendix A. The fit value of the
mean for this case is u; = (14,0,0); i.e., the correct mean is
obtained for the y and z directions but not necessarily for the
x direction with anharmonicity. From Figure 2a, when ¢, =
20, = 20,, the deviation of u; from the true value of the mean
increases with increasing |a;|, or skewness, and decreases with
oy if ja3] > 0. Thus, p; can have an error of up to —1.5¢, when
|asl = 3 and a4 = -2. From the plot of o; versus «, in Figure
2b, o; decreases with «, (increased peakedness) and decreases
slightly with |as]. In therange of -2 < a4 < 7,0 < |a;] < 3,
o ranges from being too small by 0.45¢, to too large by 0.02¢,.
The dependence of g on o, and of ¢¢on aj is less if 6, = o,
= 20, and still less if o, = ¢, = o, (Ichiye, 1985).
Anharmonicity, Bimodal. Since many of the pdfs found
in the dynamics are bimodal (Ichiye & Karplus, 1987), we
consider isotropic, Gaussian refinement of a double-peak pdf
in which each peak is isotropic (Appendix B). The “observed”
pdf for this case is p,(u) = p,(uw;0,u.,0.) (Table I) in the
principal axis system, so the positions of the two peaks are u,
= (£u4,0,0). We concentrate on the refinement of two equally
weighted isotropic peaks with the same o since this case seems
most likely to be fit by an envelope of the two peaks. For this
case, the parameters of the double-peak pdf (Table I) are u,.
= U= up, Wy = W= wy, and 0. = 0_= gy = g, = 0,
Since the pdf is harmonic in the y and z directions, the fit
value of the mean is u; = (u4,0,0). The values of u; and oy as
a function of u,, which is half of the peak separation, are given
in Figure 3; the actual mean and fluctuation are 4 = 0 and
0% = a¢® + !/ u,? (Table I), respectively. For small ug, the
minimum of R’is at u; = 0 and o ~ g2 + !/;u¢%. Thus, the
mean is correct and the fluctuations are approximately correct.
As u, increases, o4 is larger than ¢ but smaller than the
second moment in the x direction (0,2 = 0y + 4y%). However,
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when 1,2 2 3.550,7 so that the separation between the peaks,
2uy, is greater than ~3.77¢4, u¢ = 0 is no longer a minimum
(i.e., the second derivative is less than 0); for this case, u; —
uy (there are two equal solutions at each peak) and o —
~1.94042. Thus, the refinement for large peak separations
gives values of the mean that are approximately equal to the
center and rms fluctuations up to twice the rms fluctuations
of only one peak.

(b) Three-Dimensional Isotropic Gaussian Refinement of
Dynamics Probability Density Functions. We test the
three-dimensional, isotropic Gaussian refinement of dynamics
pdfs by simultaneously varying the mean u; and the second
moment ¢ to minimize the least-squares differences (eq 3).
We concentrate on distributions that deviate strongly from
being isotropic and/or harmonic; i.e., we concern ourselves with
the atomic distributions that are likely to have large errors in
the refinement. In particular, we note that refinement of
distributions that are anisotropic but harmonic lead to sys-
tematic errors in the B values but not the mean position,
whereas those that are anharmonic can result in errors in both
the mean positions and the B values. The pdfs of twenty atoms,
nine backbone and eleven side chain, were examined. Eight
of the backbone and eight of the side chain atoms were chosen
because they had the largest anharmonicities, i.e., the largest
values of either a; or ay; these atoms often have the largest
anisotropies as well. These were the same pdfs analyzed in
a previous study (Ichiye & Karplus, 1987).
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FIGURE 5: Comparison of probability density from a molecular dy-
namics simulation of lysozyme with the pdf from real-space
“refinement” of the density in the isotropic, harmonic approximation,
presented as cross sections through the u, — u, plane when u, = 0
in the principal axis system: (a) molecular dynamics results for Gly-71
C, (solid), contoured every 0.0001, and “refinement” results (dash),
contoured every 0.0002; (b) molecular dynamics results for Gln-57
N, (solid) and “refinement” results (dash), contoured every 0.0004.

Rather than calculating the actual three-dimensional dy-
namics pdf for an atom, we approximate it by multiplying
together the pdfs for each dimension (in the principal axis
system); i.e., we use po(u) =~ po(u,)p,(4,)p,(u,;). Some dif-
ferences in the peak shape may result; however, we are in-
terested here in testing the refinement procedure itself rather
than in obtaining accurate dynamics pdfs. The correct values
of the mean and fluctuations obtained independently from a
time average over the dynamics trajectory in the local coor-
dinate system are u = (u) = (0,0,0) and ¢® = [(,2)/3] = [(¢,?
+ 0,2+ 0,2)/3].

The results of the least-squares refinement of the three-
dimensional dynamics pdfs show that the assumption that the
electron density of an atom is isotropic and Gaussian causes
errors in the calculation of u; and oy if the actual density is
anharmonic (Figure 4). The largest errors occur in the di-
rection of the largest principal axis; i.e., u;, has errors up to
about 0.7 A whereas the largest errors in ury and pg, are less
than 0.1 A. The value of o; from the refinement consistently
underestimates the value of ¢ from the dynamics, especially
for large o (greater that about 0.5 A). The least-squares fit
appears to place u; at the most probable position (i.e., the
maximum probability) of the dynamics pdfs rather than at
the actual mean. If there are multiple peaks, the least-squares
procedure fits the largest peak as a single Gaussian with y;
close to the center of that peak and o; about twice as big as
that of the peak, as in the case of Gly-71 C, (Figure 5a) a
corresponding result is obtained even if there are two ap-
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FIGURE 6: Prediction of u; and of when an isotropic Gaussian is used
to fit the dynamics distributions for the u,, u,, and u, directions,
represented by x, +, and A, respectively. (a) Predicted u¢ versus p;.
(b) Predicted o/ o versus o/ 0.

proximately equal peaks such as for Gln-57 N, (Figure 5b).

(¢) Prediction of Errors Due to the Assumption of Isotropic
Gaussian Distributions. The molecular dynamics simulation
shows that the largest deviations from the single isotropic
Gaussian peak model can be attributed to the presence of
secondary peaks (Ichiye & Karplus, 1987). Furthermore, the
above results have demonstrated that refinement procedures
fit only one peak if the peaks are separated by a critical dis-
tance (~3.774, for equal peaks). In this section we estimate
the fit values of p; and o; which would be obtained from
least-squares (real-space) refinement of the dynamics proba-
bility densities of atomic positions. We assume that the pdf
of any atom from a trajectory can be represented as two
Gaussians with the same width but different weights (Table
I); the pdf is then specified by u, V, a3, and ay. We choose
the axes so that the double peaks are situated along the u,
direction; i.e., the peaks are located at p = (£u,,0,0). Further,
we assume for the refinement that the probability density of
any atom can be treated independently of the other atoms.
This is clearly not correct but makes it possible to identify the
important factors in a straightforward manner. In particular,
only the first four moments for every atom need to be calcu-
lated rather than the three-dimensional probability density for
all of the atoms in the molecule.

Our procedure for estimating the values of y; and o is to
solve for the minimum of eq 3 when p, is an unequal dou-
ble-peak pdf in which each peak can be anisotropic but each
has the same V, (Appendix B). The predicted value is denoted
by a superscript p. The estimated values, p® and op, are
plotted against u; and gy, respectively, in panels a and b of
Figure 6. Almost all of the predicted values, u®, are within
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0.1 A of the refined value y;, even when they differ from the
true mean by up to 0.7 A. The predicted values /¢ are
within about 15% of the refined values of ¢/, even when o
is reduced to about half of 5. A simpler estimate in which
g = (Ua,,0,0), U, being the u, coordinate of the larger peak,
and of = (04® + 0,2 + 0,%)/3 also gives good results (Ichiye,
1985).

(d) Refinement Using Higher Order Probability Density
Functions. In this section we evaluated the efficacy of the
various model pdfs of Table 1 in the refinement of dynamics
pdfs. We examined the pdfs along the u,, u,, and u, axes
separately (i.e., one-dimensional refinement). This allows for
anisotropy but is only approximately equal to an anisotropic
three-dimensional refinement since the pdfs are refined in-
dependently in each direction. Thus, R’in eq 3 was minimized
by using, in turn, the Gaussian, Gram—Charlier, Edgeworth,
and double-peak pdfs for p, (Figure 7).

This type of “anisotropic” refinement with a Gaussian p,
also fits the larger peak, as does the isotropic refinement, so
that there are still considerable deviations of u; and o; from
the actual values of p and ¢. The refinement by a Gram-
Charlier pdf gives better values for u; and ¢; than a Gaussian
but still may give large deviations if there are two or more
widely separated peaks with significant populations. The
double-peak pdf gives the best results (less than ~0.1-A de-
viation of u; and ¢; from the actual values in most cases)—it
fails in two of the twenty cases examined, both cases having
more than two péaks. For the refinements using the Gram-
Charlier or the double-peak pdf, more than one minimum in
R’ was found in some cases. The values for u; and o corre-
sponding to the lowest value of R’ are shown in Figure 7,
although the other minimum sometimes gave values closer to
the correct first two moments.

DisCUSSION

Under ideal conditions X-ray diffraction gives the distri-
bution of electron density of a molecule in a crystal, which
can be related to the probability distributions of the atoms in
the molecule (Willis & Pryor, 1975). The probability dis-
tributions of atomic positions from a dynamics simulation and
from X-ray analysis both contain contributions from fluctu-
ations within a single minimum and, if they take place, from
transitions among several minima. However, in the X-ray
results, diffusion and lattice disorder also affect the atomic
probability distributions. Although there are methods for the
approximate separation of the various contributions (Frau-
enfelder et al., 1979), they are generally difficult to apply so
that most experiments measure, in principle, the overall ef-
fective probability distribution; i.e., they include diffusion and
lattice disorder as well as the local motions. Also, in an X-ray
study, the mean position and second moment are parameters
fit in the refinement procedure, so the results are model de-
pendent.

In the work presented here, we examine the errors in the
refinement of proteins by studying simulations. In the simu-
lation, the true mean position and second moment can be
calculated independently of the refinement, and they then can
be compared with those obtained from the refinement. Also,
the simulation is free from errors due to diffusion and lattice
disorder so that one can focus on the errors in the refinement
due solely to the internal atomic fluctuations. Furthermore,
in an X-ray experiment, the data are in reciprocal space and
are due to the entire molecule. In the method used here, we
focus on the distribution functions of individual atoms in real
space and examine those that are most poorly fit by an iso-
tropic Gaussian. Thus, the present approach provides a simple
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method for studying two problems of interest; i.e., the deter-
mination of the major errors due to the isotropic harmonic
assumption and the evaluation of higher order corrections to
this model.

From analysis of the dynamics simulation of lysozyme, the
atomic distributions have been found to be highly anisotropic
and somewhat anharmonic mainly due to multiple peaks
(Ichiye & Karplus, 1987). However, refinement procedures
currently used for proteins assume that the distribution for
an atom is a single isotropic harmonic peak, although in a few
experiments multiple occupancy or anisotropy has been in-
cluded. To determine the errors introduced by this approxi-
mation, we have considered (section a under Results) how
isotropic harmonic pdfs fit various model distributions that
are anisotropic and/or anharmonic. In the lysozyme simu-
lation, {o,2/,%)!/? averaged over backbone atoms is 2.2 and
over side chain atoms is 2.6, and (0,2/0,%)!/2 averaged over
backbone atoms is 1.4 and over side chain atoms is 1.5. If the
simulation distributions were anisotropic but harmonic, the
fit of o; to the model distribution for the average atom would
be too small by about 0.1-0.2¢,. Only for highly anisotropic
atoms, i.e., g/, ~ 4, are the errors as large as about 0.4—
0.60,. When the “observed” pdf is a Gram-Charlier pdf, the
maximum error is small if @3,2/6 + 0y4,/24 < 1/24 (our
criterion for harmonicity; Ichiye & Karplus, 1987); i.e., the
mean obtained by fitting is in error by less than about 0.30,
and the value of ¢ is too small by less than about 0.2¢, for o
= (2,1,1)0,. Thus, errors in the 68% of backbone and 56%

of side chain atoms in lysozyme which the simulation shows
to be harmonic in at least the u, direction (Ichiye & Karplus,
1987) are expected to be small and errors due to anharmonicity
in either the u, or u, direction will be still smaller since the
fluctuations are by definition smaller.

Since most of the atoms with large values of «; and «, have
multiple peaks, we have considered what happens in this case.
It has been generally assumed that both real-space refinement
and reciprocal-space refinement using a harmonic model fit
an envelope to multiple peaks. Diamond (1971) noted that
gradient/curvature real-space refinement techniques (Lipson
& Cochran, 1966; Cruickshank, 1974) tend to fit the maxi-
mum rather than the actual mean and suggested that his
refinement procedure would fit the entire density. However,
the results obtained here indicate that even the Diamond
real-space refinement technique tends to fit the maximum
rather than the mean.

Atoms with the largest anharmonicities also have the largest
anisotropies and can best be described as multiple harmonic
peaks (Ichiye & Karplus, 1987). We examined in detail
dynamics pdfs for lysozyme atoms with the largest anhar-
monicities (section b under Results). When the average atomic
positions and fluctuations from a dynamics simulation are
compared with the values obtained from real-space least-
squares refinement of the atomic pdfs with the isotropic,
harmonic approximation, we find that if |a;| and |ay| are small,
the refined values agree well with the dynamics values.
However, if |as| and/or |a,| are large, the refined values may



3494 BIOCHEMISTRY

be very different from the actual averages. For instance, for
multiple peaks, refinement gives a peak centered at the most
probable value, or mode, with the width corresponding to that
of the fitted peak rather than the actual second moment. If
the weight of one peak is much greater than that of the other,
this result is appropriate since the position and width of the
major peak are close to the true mean and second moment.
However, the refinement of a pdf from the dynamics with two
peaks which appeared almost equal (Figure 5b) still resulted
in only one peak being fit. In this case, the difference between
the position of the major peak and the mean can be quite large.
The results obtained here are expected to be similar to those
for reciprocal-space refinement since the differences in the
quantities refined (see eq 2 and 4) cannot correct for such
€rrors.

Previously, when dynamics simulations gave different
structures and larger fluctuations than X-ray crystallographic
results, the deviations were attributed solely to inadequacies
of the simulation such as lack of solvent and crystal forces.
However, the results presented here indicate that the differ-
ences may also be due in part to the failure of the X-ray
refinement when multiple peaks are involved. The coordinates
and temperature factors from X-ray refinement correspond
to a single potential well at its minimum whereas those from
dynamics will be the average position and second moment due
to all the wells. This has been confirmed by Kuriyan et al.
(1986a) for the reciprocal-space refinement of a molecular
dynamics simulation of myoglobin. The simulation analyses
showed that the crystallographic results will tend to under-
estimate the magnitude of the fluctuations; for the side chains,
in particular, there can be large errors. This has important
implications for studies of biological activity (Elber & Karplus,
1987), since multiple conformational states that could be im-
portant in the function of a protein may not be detected by
using current X-ray crystallographic techniques.

In a previous paper (Ichiye & Karplus, 1987) we have
shown that we can predict the position and width of two peaks
in the pdfs for each atom given the first four moments without
resorting to actually calculating the pdf. Furthermore, we have
shown in section ¢ under Results that we can use these values
to predict the positions and temperature factors that would
be obtained in a real-space refinement within the isotropic,
harmonic approximation. We suggest that these are the ap-
propriate quantities from simultations (rather than the true
means and second moments) to compare with results from
experimental refinements that use the isotropic harmonic
assumption. An alternative approach would be to calculate
the total probability densities due to all of the protein atoms
from the simulation and then refine them by using the same
programs as used for the crystal data (Kuriyan et al., 1986a).
This requires large amounts of computer time and storage.
Since our conclusions agree with those of Kuriyan et al., and
since simulation results are only qualitative, the method given
here is a useful approximation for most comparisons of sim-
ulation and experimental results.

With higher resolution data becoming available for proteins,
it is of interest to evaluate corrections to the temperature factor
models that significantly improve the fits with the smallest
number of added parameters. The number of parameters
needed per atom for the various pdfs considered in this paper
are given in Table I1. Isotropic harmonic temperature factors
add one parameter, in addition to the mean position. Aniso-
tropic harmonic temperature factors require six coefficients
for the symmetric B and 8 matrix [see Willis and Pryor (1975)
for notation]. If anharmonic corrections are to be included
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Table II: Number of Parameters per Atom for Refinement

level of correction parameters no. of parameters
position r 3
isotropic B | 4
anisotropic B ro 9
anisotropic B oy =0, T, 0, (0, = 0,) 7
skewness T, 0, 0 19
kurtosis T, 0, a3, 04 34
isotropic kurtosis T, o, oy 5
double well ro, v, o, w 9
double well rLe=o,r,w 8

as well, the number of parameters increases further; e.g., to
include skewness (a;) and kurtosis () via expansions, we need
10 and 15 unique elements, respectively. Thus, it is clear that
any refinements introduced with the limitations set by the
available protein data require simplifications in the description
of the motion.

Within the harmonic approximation, attempts have been
made to relate the orientations of the anisotropy tensors to the
static structure (Konnert & Hendrickson, 1980). However,
it has been demonstrated by molecular dynamics simulations
of proteins that there is no simple relation (Yu et al., 1985).
Assuming that ¢, =~ ¢, in the principal axis system, we could
reduce the temperature factor parameters to four: o,, 6, =
o, 0, and ¢, where the last two give the orientation of u, in
the crystal coordinate system. Results of previous analyses
[Table 1 of Ichiye and Karplus (1987)] indicated that the
difference between ¢, and o, is only about 14% of the average
value of g, and o, for most atoms.

To reduce the number of parameters needed to include
anharmonic effects, one possibility is to describe the potentials
as isotropic nonskewed anharmonic potentials (Frauenfelder
et al., 1979). There are then only two isotropic parameters,
¢ and «,. However, the molecular dynamics results show that
the distributions are quite anisotropic and only somewhat
anharmonic. Thus, it seems unreasonable to include anhar-
monic effects without including anisotropic effects. Moreover,
the deviations from a4 = 0 are usually associated with skewness
(Ichiye & Karplus, 1987). A better approach may be to
assume that the major deviations from isotropy and harmon-
icity of a potential are due to multiple minima. If we consider
that an atom may be in either of two isotropic harmonic wells,
we need the position, o,, and a weight factor for the second
well in addition to the position and o, of the first well. Thus,
anisotropic and anharmonic corrections are included by using
a total of nine parameters. We can further reduce the number
of parameters to eight by assuming the second potential has
the same force constant and therefore the same width o,. This
assumption is reasonable, in particular for atoms in the interior
of collective groups in which the multiple minima are due to
the motions of the entire group. Results of a previous analysis
(Ichiye & Karplus, 1987) indicate that this model parame-
trized by the moments gives a significant improvement in
describing the dynamics pdfs. The present work is closer to
the true experimental situation since it involves fitting pdfs
to data so that the moments are fitting parameters whereas
in the previous work the pdfs were parametrized by the actual
calculated moments.

We have looked at real-space refinement of the parameters
for each of the model pdfs against the dynamics probability
densities (section d under Results). Our results indicate that
the best model for including anisotropic and anharmonic effects
for X-ray crystal refinement is to include multiple occupancy.
The anisotropic Gaussian and Gram—Charlier expansion do
not approach the accuracy of the double peak when the dis-
tributions are highly anisotropic and anharmonic. Although
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in our analysis we allowed each peak to be anisotropic, the
results should be little changed for isotropic peaks since the
anisotropy of each peak of a double-peak distribution is small
(Ichiye & Karplus, 1987). Thus, by including multiple oc-
cupancy, the most significant contributions to the anisotropy
and anharmonicity of the atomic pdfs are included by using
only eight or nine parameters (depending on whether or not
the wells are assumed to have equal force constants). For more
than two peaks, higher moments can be related similarly
(Ichiye, 1985).

In the previous paper (Ichiye & Karplus, 1987), we showed
that we can predict positions and relative weights of secondary
peaks in the simulation distributions given the first four mo-
ments of atomic fluctuations. Of course, the resulting pa-
rameters are not expected to be highly accurate for an actual
protein due to approximations in the potential (even when
solvent and crystal effects are included) and the short time
scale of current simulations. However, the information from
the simulation may be used as an initial assumption in X-ray
crystal refinement to reduce the number of parameters needed
to include some of the major anharmonic effects by adding
multiple occupancy factors only for atoms predicted by dy-
namics to have a second peak with a significant weight and
separation relative to the first peak.

CONCLUSIONS

The results presented here indicate that refinement of
proteins using the isotropic, harmonic approximation can lead
to large errors in the mean positions and fluctuations of some
atoms due to the presence of multiple peaks. An estimate is
given for the errors in the refined values of these two quantities.
They are also the appropriate results from simulation to
compare with experimental refinements that use the isotropic,
harmonic approximation. Furthermore, the analysis indicates
that the most significant improvement to the isotropic har-
monic approximation is to include multiple occupancy even
when two separate positions for a residue are not evident in
the electron density map. This can account for both anisotropy
and anharmonicity while adding relatively few parameters.
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APPENDIX

(A) Minimizing an Anisotropic pdf with Anharmonicity
Only along the u, Direction. Here eq 3 is minimized when
P, is given by an isotropic Gaussian and the “observed” pdf
is given by an anisotropic and anharmonic Gram-Charlier
expansion (Table I). The case for anisotropy but no anhar-
monicity is given by setting a; = a, = 0. For this discussion,
we use m and s for u; and o; to reduce the number of sub-
scripts. The quantity to be minimized is given by eq 3 where

I u - mf*
pfuwm,s) = (2—7‘_)‘3/2—33 expy - >3 (A1)

Pofu) = po(U;O,V)[l + ;Hg( x) Z;H4( x)]

(A2)

in which o; = 6,2 and ¢,.; = 0. The conditions for extrema
are dR/dm = dR/ds = 0. The necessary integrals are
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1
Jpiau= s (A3)

fpcpo du =

3 4
Q30 m x QY0 m,
— + —
23/2”0(“ 0 S)[ 38,2 H’( S. ) 4!S,,4H4( S, ) ]
(A4)
where S? = ¢ + 5% Since the derivatives of R with respect
tom, and m, are zero when m, = m, = 0, we substitute these

values and drop the subscript x wherever it occurs. The de-
rivative of R with respect to m is

9R _
3 4
a0 m 27134 m
~el3) + EH(E)] =

om
(AS5)

23/2170(“ 0 S)[

and the second derivative of R with respect to m is

3 4
m a0 m Q@40 m
[Hz(E) ~Sen(3) + :?H(E)] (A%

Equation A5 may be rewritten as

3 4
m 2314 m (2714 m
—+—H\=)+—H| =)=
S 3!S3H“(S) 4!S4H5(S) 0 (A7)

The derivative of R with respect to s, when dR/du = 0, is

JR -3 1
FYie _813/2 : 21/2170(“05)[ Z—S? +

3 4

a0 m 3 1 [+ 704 m 4

— — — + — ——— — —_—

3!S3H’( S )( s? ZS,?) ¥ 4!S4H“( S )( st
s )| =0 (s

S?

where 35,2 is over i = x,y,z, remembering that explicit

reference to x has been dropped. Thus, m and s can be ob-

tained by simultaneously solving eq A7 and A8.

(B) Real-Space Refinement of a Double-Peak pdf by a
Gaussian pdf. Here eq 3 is minimized when p, is given by
an isotropic Gaussian and the “observed” pdf is given by
double-well pdf (Table I).

1 (x-u)® Y
Do(t) = ——— | wyexp} ~——— +
° (2m) 3/2"'0J:r"'0,v"'02 [ [ 209, 2"'0y2

2 (x+u) ) 2
+ + w_exp| - + + =
20'022 20'0x2 20'0y2 20'0,2

(B1)
R is defined as in eq 3. The integrals needed are eq A4 and

my2 ’nz2
S poed " e )3/2ssys P\ 25 T 28
(m - uy)? (m + u_)?
[w+ exp[—T] + w_ cxp[—z_sz-] ]

(B2)
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where S = 02 + 0,2 and we have dropped the subscript x
wherever it occurs. When the derivatives of R with respect
to m, and m, are zero, m, = m, = 0. The conditions for a
minimum of R with respect to m and s are

R_ 2 i el
am  (2m)¥S8S,S, #IWe P 28?

(m + u)?
(m + u)w_ exp ——2—32— =0 (B3a)

R _ -3 . 2 s1_
ds  8xi/%t  (2m)¥3SS,S, S?

(m - u,)? (m = uy)? 1
T]w+ exp[——zs—z—] + [ZEI—Z -

2 2

where 352 is over i = x,y,z and the second derivative with

respect to m is
R _

dm?

2 . (m = uy)? .
anrsss |l T s [T T s
(m + u)? -(m + u.)?
R
with 82R /am? > 0.

When u; # u_, the conditions for extrema with respect to
m and s are

u-+m u -(m-uy)? (m+u)?
= — exp ¢ +) + ( ) (B5a)
Up—m Uy 285? 282

~(m = u)?

and

= — +
SS,S.| v Ss? S

Uy +ou —(m - u,)?
—_— B5b
[m+u_ ]w“‘ exp[ 282 (BSP)
The condition that an extremum be a minimum with respect
to m is

95/253 [ 52 S2(m + u)(m - u,)

s2+ 007 > (U + m)(uy ~ m) (B6)

When u, = u_= 4y and gy, = g, = 0o, = gy, the conditions
for a minimum with respect to m (eq B5a and B6) become

2muy, | Uy +m B7
5 e T (B7)
Sz > uoz - m2 - 0'02 (B8)

respectively. Given eq B7, the condition for a minimum with
respect to s (eq B5b) is

m2 + qu
exp{ ————
3 P\ s [

(uo® — 19 mug

= 3- cosh ——

25/2¢5 S5 S? 282
(B9)
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The condition for a minimum with respect to m at m = 0 can
be found by substituting eq B9 into eq BS:

ug? < (1 = Yo(%e) %) ag? =~ 3.550,? (B10)
We can obtain an approximate expression for s from eq B9:
Sz == 0'02 + 1/3“02, m= 0 (Bll)

§2 = (235 = 1) log? = 1.94602, m— ug
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Photocycles of Bacteriorhodopsins Containing 13-Alkyl-Substituted Retinals?
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ABSTRACT: Three retinal analogues, carrying at position 13 a hydrogen atom, an ethyl group, or a n-propyl
group instead of the naturally occurring methyl group, were incorporated into bacterioopsin. The absorption
maxima of the newly formed analogue bacteriorhodopsins (BRs) are in the range of 545-565 nm; the positions
of those maxima decrease with increasing length of the alkyl substituent. No light/dark adaptation was
found for the analogue BRs. Flash photolytic experiments revealed the presence of separate cis and trans
photocycles. Each of the analogue BRs forms, within several microseconds, an intermediate with a strongly
blue-shifted absorption maximum, comparable to the M-intermediate of the trans photocycle of BR. The
M-intermediates of the ethyl and the propyl derivative decay within a few milliseconds, as in BR, and their
proton translocating ability correlates with the proportion of the all-trans isomer in the binding sites. The
13-demethylretinal BR (13-dm BR), however, is an exception. Although 15% of the retinal is in the all-trans
isomeric state [Gédrtner, W., Towner, P., Hopf, H., & Oesterhelt, D. (1983) Biochemistry 22, 2637-2644],
in the binding site, maximally 3% of proton translocating activity was found. This discrepancy can be resolved
if the delay time of about 20 ms of the M-intermediate in the trans photocycle of 13-dm BR is taken into
account. The cis photocycle of 13-dm BR apparently consists of only one red-shifted intermediate absorbing
around 610 nm and decaying with a half-time of 250 ms back to the initial state. At increasing irradiance
of the monitoring light beam secondary photochemistry leads from this intermediate to an M-like state (A,
about 420 nm), which has a half-life of 1.7 s.

’I‘he most abundant membrane protein of Halobacterium
halobium, bacteriorhodopsin (BR),! acts as a light-driven
proton pump that allows the halobacteria to grow photo-
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trophically [for review see Stoeckenius and Bogomolni (1982)
and Oesterhelt and Krippahl (1983)]. The isomeric state of
retinal in bacteriorhodopsin can be either all-trans or 13-cis.
These species equilibrate in the dark to yield a 1:1 ratio,
whereas in the light-adapted form of the chromoprotein nearly

! Abbreviations: BR, bacteriorhodopsin; BO, bacterioopsin; dm, de-
methyl; 13-Et, 13-ethyl; 13-Pr, 13-n-propyl; 13-dm BR, 13-demethyl-
retinal-containing bacteriorhodopsin; OD, optical density; S/N, signal
to noise ratio; Isqq, intermediate absorbing at 560 nm.
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